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CONFIGURATION SPACE, MODULI SPACE AND 3-FOLD
COVERING SPACE
BYUNG CHUN KIM AND YONGJIN SONG
Abstract. A function from configuration space to moduli space of surface
may induce a homomorphism between their fundamental groups which are
braid groups and mapping class groups of surface, respectively. This map φ :
Bk → Γg,b is induced by 3-fold branched covering over a disk with some branch
points. In this thesis we give a concrete description of this map and show that
it is injective by Birman-Hilden theory. This gives us a new interesting non-
geometric embedding of braid group into mapping class group. On the other
hand, we show that the map on the level of classifying spaces of groups is
compatible with the action of little 2-cube operad so that it induces a trivial
homomorphim between stable homology group of braid groups and that of
mapping class groups(Harer conjecture). We also show how the lift β˜i acts on
the fundamental group of the surface and through this we prove that β˜i equals
the product of two inverse Dehn twists.
1. Introduction
There is a well-known embedding of braid group B2g into mapping class group
Γg which maps the standard generators β
′
is of B2g to consecutive standard Dehn
twists α′is as in Γg (see Figure 1). It was conjectured by J. Harer in 1960’s that
the homomorphism φ∗ : H∗(B∞;Z/2)→ H∗(Γ∞;Z/2) induced by this embedding
is trivial, where B∞ = lim−→
Bn and Γ∞ = lim−→
Γg. This conjecture can be proved by
showing that the homomorphism φ∗ preserves the Araki-Kudo-Dyer-Lashof opera-
tions which arises from the double loop space structures (of the group completion
of classifying spaces of these groups), hence this problem is related with the theory
of iterated loop space. This conjecture was proved by Song-Tillmann ([13]).
α1
α2
α3
α4 α2g−2
α2g−1
Figure 1. Dehn twists.
The second author was supported by the Korean National Research Fund NRF-
2016R1D1A1B03934531.
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In the classical coherence theory of iterated loop spaces, there are basically two
approaches. The first approach is related with the coherence problem in category
theory. A classical result is that the group completion of classifying space of a
monoidal (symmetric monoidal, braided monoidal, respectively) category is homo-
topy equivalent to a 1-fold loop space (infinite loop space, 2-fold loop space, re-
spectively) ([14],[10],[8]). A rather recent result is that the group completion of the
classifying space of n-fold monoidal category is homotopy equivalent to an n-fold
loop space (although there are several versions of definition of iterated category)
([1]). The second approach is using the operad theory. If a space has a suitable
action of little n-cube operad, then it gives rise to an n-fold loop space. These two
approaches are not independent, rather mutually related in a natural way.
The proof of Harer conjecture of Song-Tillmann took the first approach, They
lifted the embedding φ : B2g → Γg to a 2-functor between two monoidal 2-
categories, tile category and surface category which are a kind of categorifications
of braid groups and mapping class groups, respectively.
On the other hand, Segal and Tillmann suggested another proof of Harer conjec-
ture taking the second approach to coherence theory of iterated loop spaces. They
lifted the embedding φ : B2g+2 → Γg,2 to a map between the classifying spaces of
them and showed that this space map is compatible with the action of the framed
little 2-cube operad on two spaces.
More precisely, let Cn = Confn(D)/Σn be the configuration space of unordered
n distinct points on the disk D = {z ∈ C | |z| ≤ 1}. Let P = {p1, . . . , pn} ⊂ D.
Note that
Cn ≃ BHomeo
+(D \ P ) ≃ BBn.
Here Homeo+(D \ P ) means the group of self-homeomorphisms of D \ P which fix
the boundary of D pointwise, allowing the points in P to be permuted. Let Mg,2
be the moduli space of Riemann surface Sg,2. Note that
Mg,2 ≃ BHomeo
+(Sg,2) ≃ BΓg,2.
Segal and Tillmann considered the map
Φ : C2g+2 →Mg,2
which maps P = {p1, . . . , p2g+2} to the part of the surface Sg of the function
fP (z) = ((z − p1) · · · (z − p2g+2))
1/2
which lies over the disk D.
The homeomorphism φ = π1Φ on the fundamental groups induced by Φ is deter-
mined by the 2-fold branched covering p : SP → D branched at P = {p1, . . . , p2g+2}.
Let Di be the subdisk of D containing two points pi and pi+1. Then p
−1(Di) is an
annulus contained in SP . (Figure 2)
pi+1
p
pi
pi pi+1
Figure 2. 2-fold covering over Di.
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Let βi be a generator of B2g+2 interchanging the i-th and (i+1)-st points. Then
φ : π1C2g+2 → π1Mg,2 maps βi to the Dehn twists αi on the annulus p
−1(Di). αi
is described in Figure 3.
β˜i
Figure 3. The lift of half Dehn twist is a full Dehn twist.
The map φ is the well-known (Harer) embedding of braid group into mapping
class group.It was shown in [12] that the map Φ : C2g+2 →Mg,2 is compatible with
the actions of the framed little 2-cube operad on configuration spaces and moduli
spaces.
The main problem of this paper is an extension of that of Segal-Tillmann: what
can we get in the case of 3-fold covering, instead of 2-fold covering? This problem
was, a few years ago, suggested by Tillmann to the second author. In the case
of 3-fold covering, there are mysterious difficulty and complexity. Without careful
geometric observations and calculations one may easily fall into a wrong path.
Let Φ : Ck → Mg,b map P = {p1, . . . , pk} to the part of Sg of the function
fP (z) = ((z − p1) · · · (z − pg))
1/3
. For the map φ : Bk → Γg,b induced by Φ, we
may have the following questions.
(1) Over a disk with two marked points, what is the “suitable” 3-fold branched
covering space with those two branch points?
(2) For the half Dehn twist on a disk with two marked points, what is the lift
of it with respect to the 3-fold covering?
(3) In the case of more branch points, do two adjacent half Dehn twists have
the lifts satisfying the braid relation so that Φ : Ck → Mg,b induces a
well-defined homomorphism φ : Bk → Γg,b?
(4) For Φ : Ck →Mg,b, what are g and b in terms of k?
(5) Is map φ : Bk → Γg,b injective? If so, is it geometric or non-geometric? A
map is said to be geometric if it sends each generator βi of Bk to a Dehn
twist.
(6) The homomorphism φ∗ : H∗(B∞;R)→ H∗(Γ∞;R) induced by φ is zero for
any constant coefficient R?
(7) For each lift β˜i of βi, what about the action of β˜i on the fundamental group
of the surface?
For question 1, the suitable 3-fold branched covering over a disk with two branch
points turns out to be a torus with a deleted disk (with one boundary component).
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a1
b1
c1
b1
c1
a1
∼=
p1p2
Figure 4. 3-fold branched covering over a disk with two branch points.
The 3-fold covering over a disk with three branch points is shown to be a torus
with three boundary components.
Figure 5. 3-fold covering over a disk with three branch points.
For question 2, the lift β˜i of half Dehn twist βi on a disk turns out to be a kind
of 1/6 Dehn twist.
ai
bi
ci
ci
ai
bi
β˜i
pi+1
pi
pi+1
pi
Figure 6. 1/6 Dehn twist.
The answer to question 3 is affirmative which is proved in a few ways.
For question 4, we have
g =
{
k − 2 if g ≡ 0 (mod 3)
k − 1 otherwise
b =
{
3 if g ≡ 0 (mod 3)
1 otherwise
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From an intuitive geometric observation, it is easy to see that φ : Bk → Γg,b is
well-defined, that is, the braid relation
β˜iβ˜i+1β˜i = β˜i+1β˜iβ˜i+1
is satisfied. By applying the Birman-Hilden theory, we can easily show that the
map φ : Bk → Γg,b is injective(Theorem 3.3).
In subsection 3.2, we show that Φ : Ck → Mg,b is compatible with naturally
defined actions of the framed little 2-cube operad. This implies that the homomor-
phism φ : Bk →֒ Γg,b → Γg induces trivial homomorphism in stable homology with
any constant coefficient(Theorem 3.4).
In section 4 by analysing the action of the lift β˜i on the fundamental group of
the surface, we show that β˜i is the product(composition) of two (usual) Dehn twists
along closed curves on the surface. That is, the 1/6 Dehn twist turns out to be the
product of two full Dehn twists.
Since the question of existence of non-geometric embedding of braid group into
mapping class group was raised by Wajnryb ([18]), only a few examples have been
found ([16],[4],[7]), including so called pillar switchings. The following figure shows
the pillar switchings.
Figure 7. Pillar switchings.
The map φ : Bk → Γg,b obtained through 3-fold branched covering gives us a
new interesting non-geometric embedding which is also homologically trivial.
This research was partially fulfilled while the second author was staying at Dalian
University of Technology(DLUT) for the Haitian Program. He is grateful Fengchun
Lei for his collaboration and great hospitality. He appreciates the support from the
mathematics department of DLUT. He is also grateful Ulrike Tillmann for letting
him know the problem.
2. 3-fold branched covering spaces
Let Sg,b,(k) be the surface of genus g with b boundary components and set of
k distinct interior points P = {p1, . . . , pk}. Let Homeo
+(Sg,b,(k)) be the space
of orientation preserving self-homemorphisms of Sg,b,(k) which fix the boundary
pointwise and preserve the set P . Define
Γg,b,(k) := π0Homeo
+(Sg,b,(k)),
called mapping class group. Recall that braid group may be defined as a mapping
class group : Bk := Γ0,1,(k).
Let Ck be the configuration space which consists of unordered k-tuples of distinct
points in the interior of the unit disk D. LetMg,b be the moduli space of connected
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Riemann surfaces of genus g with b boundary components. The map
Φ : Ck →Mg,b
sends P = {p1, . . . , pk} to the part of the Riemann surface ΣP of the function
fP (z) = ((z − p1) · · · (z − pk))
1/3 which lies over the disk D. Note that π1Ck ∼= Bk
and π1Mg,b ∼= Γg,b.
In order to determine the fundamental group homomorphism φ : Bk → Γg,b
induced by the map Φ, we have to think of the 3-fold branched covering map
p : SP → D with the set of branch points P = {p1, . . . , pk}.
2.1. The case with two branch points
Let us start with 2-fold branched covering over a disk with two branch points
{p1, p2}.
=⇒ =⇒
a0 a1 a2 a0
a0
a2
a2
a1 a1
Figure 8. Disk a obtained by cutting the paths a0 and a2.
For a disk ‘a’ with two branch points p1, p2, denote by a0, a1 and a2 three paths
in Figure 8, one from the boundary to p1, one from p1 to p2, and one from p2 to
the boundary, respectively. After being cut, the upper parts and the lower parts of
the paths are denoted by overline and underline, respectively.
It is easy to see that the 2-fold branched covering space of a disk is an annulus,
and the only covering transformation is the hyper-elliptic involution which inter-
changes the two boundary components. The 2-fold branched covering space can be
constructed by cut-and-paste of two sheets of disks; one is called a and another one
is called b. Cut the disks a and b along the paths a0, a2, b0, b2. Let ai, ai and bi, bi
be the corresponding upper paths and lower paths, for i = 0, 2. Here of course, the
upper and lower path are identified to be the same after the paste.
=⇒
a1 b1a0
a0
b0
b0
b1
a1
Figure 9. Cut-and-paste of two sheets of disks.
And paste upper paths and lower paths as follows: a2 ∼ b2, b2 ∼ a2, a0 ∼ b0, b0 ∼
a0. As a result we get an annuls as a 2-fold covering. The identity maps of a and
b to S0,1,(2) give us the branched covering map and the only nontrivial covering
transformation is interchanging a and b, which means interchanging two boundary
components.
For 3-fold branched covering space, we start with three sheets of disks, called
a, b and c, and similarly labelled paths. First, cut the disks along the paths
a0, b0, c0, a2, b2, c2.
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a1
b1
c1
=⇒
a1
b1
c1
Figure 10. 3-fold branched covering of disk with two branch points.
Then paste upper paths and lower paths which are labelled by “2” as follows:
a2 ∼ c2, c2 ∼ b2, b2 ∼ a2.
Now we have two choices of pasting the paths corresponding to the path “0”, one
gives us a pair-of-pants (S0,3,(2)) and the other gives us a torus with one boundary
component. In the case of pair-of-pants, we do not get a desired branched covering
modeled by y3 = (x−p1)(x−p2), because a small (counterclockwise oriented) loop
around the point p1 travels the surface in the order of a→ c→ b.
The correct one is obtained by pasting upper paths and lower paths which are
labelled by “0” as follows: a0 ∼ b0, b0 ∼ c0, c0 ∼ a0. Then the identity maps on
each of a, b and c give us the 3-fold branched covering map.
2.2. More branch points
For three branch points case, similar to two branch points case, first cut the disk
a along the paths joining the boundary and the branch points. Then paste them
in a proper order.
=⇒
a1 a2 a1 a2
Figure 11. Cut a disk with three marked points.
=⇒
Figure 12. 2-fold covering with three branch points
2-fold branched covering space of a disk with three branch points is a torus with
one boundary component. It may be regarded as the union of two annuli with one
branch point in common and 90◦ twisted to each other. More generally, let X be
the 2-fold branched covering space of a disk with k branch points, then it may be
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regarded as the union of (k−1) sequence of annuli such that two neighboring annuli
share one branch point. Let g be the genus of X and b be the number of boundary
components of X . Then we have the following:
k 1 2 3 4 5 6 7
b 1 2 1 2 1 2 1
g 0 0 1 1 2 2 3
Table 1. 2-fold branched covering space with k branch points.
For the case of 3-fold covering with more than two branch points, a similar
argument works. If there are k branch points,the 3-fold branched covering space
of S0,1,(k) is the union of (k − 1) consecutive S1,1,(2)’s and two neighboring atomic
surfaces share one point.
a1
b1
c1
a2
c2
b2
Figure 13. Two S1,1,(2)’s.
For better understanding we first consider the case with three branch points. By
gluing two S1,1,(2)’s, we have the following:
Lemma 2.1. A 3-fold branched covering space of a disk with three branch points
is a torus with three boundary components.
Figure 14 gives us more precise description of the covering space with three
branch points.
=⇒
a1 b2
c2
b1 a1
c1
a1
b1
c1
b2
a2
c2
Figure 14. S1,3,(3) for three branch points
Through gluing more atomic surfaces we can get the following result for the
general case.
CONFIGURATION SPACE, MODULI SPACE AND 3-FOLD COVERING SPACE 9
Lemma 2.2. Let X be the 3-fold branched covering space over a disk with k branch
points. Let g be the genus and b be the number of boundary components of X. Then
we have
g =
{
k − 2 if g ≡ 0 (mod 3)
k − 1 otherwise
b =
{
3 if g ≡ 0 (mod 3)
1 otherwise
This lemma may also be expressed as in the following table.
k 1 2 3 4 5 6 7
b 1 1 3 1 1 3 1
g 0 1 1 3 4 4 6
Table 2. 3-fold branched covering space with k branch points.
3. A new non-geometric embedding and its homology triviality
In this section we are going to construct the fundamental group homomorphism
φ : Bk → Γg,b induced by the space map Φ : Ck → Mg,b. This homomorphism
is defined through the lift, with respect to 3-fold branched covering, of half Dehn
twist on the disk. We also show that
• φ is injective.
• φ induces trivial homomorphism on homology groups in the stable range
(Harer conjecture).
3.1. The map φ : Bk → Γg,b induced by 3-fold covering
First recall the case of 2-fold branched covering over a disk with two branch
points, the half Dehn twist βi on a disk interchanging two branch points {pi, pi+1}
is lifted to the Dehn twist β˜i on an annulus(cf. [12]).
p p
βi
β˜i
Figure 15. half Dehn twist on disk is lifted to full Dehn twist on
annulus.
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If we cut the annulus (2-fold covering space over a disk) along a middle circle
into two annuli, then the lift β˜i is separated into two half Dehn twists in each of
these two annuli.
In the case of 3-fold covering, as the case of 2-fold covering, we should first start
from finding the lift β˜i of half Dehn twist βi on a disk. We have found out that the
3-fold covering space (obtained by gluing three copies of disk) has one boundary
component, that is, its the boundary forms a circle. However, if one has one full
trip along this boundary, it may be thought of as three times of circle-type trips
around the two branch points. Therefore, lift β˜i of half Dehn twist βi may consist
of three local half Dehn twists, one on each copy of three disks, That is, the lift β˜i
may be regarded as a kind of 1/6 Dehn twist in the entire covering space which is
described in the following figure.
bi
ci
ai
ci ai
bi
β˜i
ai
cibi
ci
ai bi
ci
bi
ai
Figure 16. 1/6 Dehn twist
The lift β˜i shown in Figure 16 may be expressed as in the following theorem.
Theorem 3.1. For 3-fold branched covering over a disk with two branch points,
the lift β˜i of half Dehn twist βi on a disk is a 1/6 Dehn twist on the covering space
S1,1,(2) fixing the boundary pointwise. More precisely, it sends the path ai to the
path b−1i , bi to c
−1
i , and ci to a
−1
i , where a
−1
i , b
−1
i and c
−1
i means the paths ai, bi
and ci, respectively, with the reverse direction.
ai
bi
ci
ci
ai
bi
β˜i
βi
p p
pi+1
pi
pi+1
pi
pi pi+1 pi+1 pi
Figure 17. Lift of the half Dehn twist
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Since the self-homeomorphism β˜i : S1,1 → S1,1 fixes the boundary, it can be
extended to the entire surface via the identity map.
The map
φ : Bk → Γg,b, βi 7→ β˜i
is a well-defined homomorphism, that is, β˜i’s satisfy the braid relation. Those
readers who have good geometric vision can notice this fact by chasing the moves
of branch points and arcs. On the other hand, the powerful Birman-Hilden theorem
immediately tells us that φ is a homomorphism. Nevertheless, in the next section
we will show this through explicit geometric and algebraic calculations, because of
its own interest.
We now show that the map φ is indeed injective by exploiting Birman-Hilden
theorem. See [2] and also see [3], [6]) and the survey paper of Margalit and Winarski
[9].
Let p : X → B be a branched covering where B has the marked points as the
branch points. A homeomorphism f : X → X is said to be fiber preserving if for
every pair of points x, x′ ∈ X , p(x) = p(x′) implies p(g(x)) = p(g(x′)); or simply,
f takes fibers to fibers. If two fiber preserving homeomorphisms isotopic through
fiber preserving homeomorphisms, then they are said to be fiber-isotopic.
A branched covering p : X → B is said to have the Birman-Hilden property if
any two isotopic fiber preserving homeomorphisms are fiber-isotopic.
Let LΓ0,1,(k) ⊂ Γ0,1,(k) be the liftable mapping class group consisting of the
isotopy classes that have representatives that can be lifted to homeomorphisms of
Sg,b with respect to a branched covering p. And let SΓg,b ⊂ Γg,b be the symmetric
mapping class group consisting of the isotopy classes which can be represented by
fiber preserving maps with respect to a branched covering p.
The following lemma is an immediate consequence Birman-Hilden theory (cf.
Theorem 5 of [2] or Proposition 3.1 of [9]).
Lemma 3.2. Let p : Sg,b → S0,1,(k) be a n-fold branched covering. Then p has the
Birman-Hilden property if and only if LΓ0,1,(k) ∼= SΓg,b.
Since the group of covering transformation is Z/3Z and all branch points are
fixed by the covering transformations, by Theorem 1 of [2], p has the Birman-
Hilden property. And we have seen that for 3-fold branched covering, every half
Dehn twist βi can be lifted to β˜i. Thus lemma 3.2 implies
Γ0,1,(k) = LΓ0,1,(k) ∼= SΓg,b ⊂ Γg,b.
Hence we have
Theorem 3.3. Let p : Sg,b → S0,1,(k) be a 3-fold branched covering. Then the
assignment βi 7→ β˜i defines an injective homomorphism Bk →֒ Γg,b.
3.2. The homology triviality of the embedding
We show that the homology homomorphism φ∗ : H∗(B∞;Z/pZ)→ H∗(Γ∞;Z/pZ)
induced by Bk →֒ Γg,b →֒ Γg is trivial. Note that by the Harer-Ivanov stability
theorem the latter map of this composition induces homology isomorphism in the
stable range. In the proof of the triviality, we take advantage of the fact that the
map φ is defined through the fundamental group homomorphism of Φ : Ck →Mg,b.
We show that the map Φ is compatible with naturally defined actions of the framed
little 2-cube operad. This part is similar to that of [12].
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Let D = {Dk} be the framed little 2-disks operad, with structure maps
γ : Dk × (Dm1 × · · · × Dmk)→ D
∑
mi
given by composition of embeddings. (cf. [5],[15])
For the consistency of the number of boundary components, we may here deal
with surfaces with k ≡ 0 (mod 3). Let X =
∐
m≥0 Xm with Xm = C3m. Then X is
a D-algebra defined by maps
γX : Dk × (Xm1 × · · · × Xmk)→ X
∑
mi
which (f ;P1, . . . , Pk) 7→ f(P1 ∪ · · · ∪ Pk).
Let Ym = M3m−2,3 for m ≥ 1 and Y0 = M0,1 ⊔M0, 1 ⊔M0, 1. Each surface
Σ ∈ Ym has three parametrised boundaries ∂aΣ, ∂bΣ and ∂cΣ. For f ∈ Dk and
j ∈ {a, b, c}, let (Df )j = D \ F (D ∪ · · · ∪ D) = S0,k+1. Then Y =
∐
m≥0 Ym is
D-algebra, defined by maps
(f ; Σ1, . . . ,Σk) 7→ ((Df )a ∪ (Df )b ∪ (Df )c ∪ Σ1 ∪ · · · ∪ Σk)/ ≡
where the ∪i∂jΣi is identified with the interior boundaries of (Df )j for j ∈ {a, b, c}
(see Figure 18).
3m1 − 2 3m2 − 2 3mk − 2
Figure 18. D acting on moduli spaces.
We have that map Φ gives us the map X → Y of D-algebras. This gives us the
proof of the following strong version of Harer conjecture(theorem).
Theorem 3.4. The homology homomorphism
φ∗ : Hn(B∞;R)→ Hn(Γ∞;R)
is zero for all n ≥ 1 in any constant coefficient R.
By Harer-Ivanov homology stability theorem, we may have a modified version of
this theorem as follows:
φ∗ : Hn(Bk;R)→ Hn(Γg;R)
is zero for all g > 2n ≥ 1 in any constant coefficient R. Here, g = k − 1 or k − 2.
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4. The analysis of the embedding φ
In this section we analyse the action of the lift β˜i on the fundamental group of
the surface and give algebraic descriptions of it. From these we could check that our
construction of the map φ is indeed correct, that is, β˜i’s satisfy the braid relations.
We believe that the calculations and the results are of their own interest. Moreover,
We show that the lift β˜i is the product of two inverse Dehn twists, that is, φ is a
non-geometric embedding.
4.1. Action of β˜i’s on fundamental group
We adopt the notations of fundamental groupoid with a set of base points. A
fundamental groupoid Π1(X,A) with the set of base points A ⊂ X is the cate-
gory whose the object set is A and the morphisms from x to y are the homotopy
classes of paths from x to y in a path connected space X . Note that for x0 ∈ A,
homΠ1(X,A)(x0, x0) = π1(X, x0).
Let P = {p1, . . . , pk} be the marked points of S0,1,(k) and let p0, pk+1 be two
distinct points on the boundary. G = Π1
(
S0,1,(k), {p0, pk+1} ∪ P
)
is the groupoid
generated by the following data:
objects = {p0, . . . , pk+1},
morphisms are generated by the arrows
(
pi
ai−→ pi+1
)
0≤i≤k
.
A half Dehn twist βi may be regarded as self-functor of G such that
βi :


pi 7→ pi+1,
pi+1 7→ pi,
ai−1 7→ ai−1ai,
ai 7→ a
−1
i ,
ai+1 7→ aiai+1,
This functor fixes points and paths that do not appear in the list.
Let p : X → S0,1,(k) be the 3-fold branched covering with branch points P =
{p1, . . . , pk}. Then for a path from pi to pi+1 in S0,1,(k) is lifted to three paths in
X . Then there is a groupoid G˜ on the space X which is the lift of G with respect
to the covering map p. That is G˜ is generated by :
objects = {a0(0), b0(0), c0(0), ak(1), bk(1), ck(1)} ∪ P,
morphisms are generated by the morphisms


(
a0(0)
a0−→ p1
)
,
(
b0(0)
b0−→ p1
)
,
(
c0(0)
c0−→ p1
)
,(
pi
ai−→ pi+1
)
,
(
pi
bi−→ pi+1
)
,
(
pi
ci−→ pi+1
)
, for 1 ≤ i ≤ (k − 1),(
pk
ak−→ ak(1)
)
,
(
pk
bk−→ bk(1)
)
,
(
pk
ck−→ ck(1)
)
.
For morphism
(
pi
i
−→ pi+1
)
in G, denote its three lifts by ai, bi, ci in G˜ .
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Let β˜i be the lift of βi, then it may be regarded as a self-functor of G˜ such that
β˜i :


pi 7→ pi+1,
pi+1 7→ pi,
ai−1 7→ ai−1ci
bi−1 7→ bi−1ai
ci−1 7→ ci−1bi
ai 7→ b
−1
i
bi 7→ c
−1
i
ci 7→ a
−1
i
ai+1 7→ ciai+1
bi+1 7→ aibi+1
ci+1 7→ bici+1
Remark. We may check that the lifts β˜i’s, as self-functors of G˜, satisfy the braid
relation
β˜iβ˜i+1β˜i = β˜i+1β˜iβ˜i+1
so that the homomorphism φ : Bk → Γg,b is correctly constructed.
On the objects of G˜, it is obvious that the braid relations are satisfied.
We are going to show that the equality β˜iβ˜i+1β˜i(aj) = β˜i+1β˜iβ˜i+1(aj) holds for
each morphism aj.
For the morphism ai−1,
ai−1
β˜i
7−→ ai−1ci
β˜i+1
7−−−→ ai−1cibi+1
β˜i
7−→ (ai−1ci)(a
−1
i )(aibi+1) = ai−1cibi+1,
ai−1
β˜i+1
7−−−→ ai−1
β˜i
7−→ ai−1ci
β˜i+1
7−−−→ ai−1cibi+1.
For the morphism ai,
ai
β˜i
7−→ b−1i
β˜i+1
7−−−→ a−1i+1b
−1
i
β˜i
7−→ (a−1i+1c
−1
i )(ci) = a
−1
i+1,
ai
β˜i+1
7−−−→ aici+1
β˜i
7−→ b−1i bici+1
β˜i+1
7−−−→ a−1i+1.
For the morphism ai+1,
ai+1
β˜i
7−→ ciai+1
β˜i+1
7−−−→ cibi+1b
−1
i+1
β˜i
7−→ a−1i ,
ai+1
β˜i+1
7−−−→ b−1i+1
β˜i
7−→ b−1i+1a
−1
i
β˜i+1
7−−−→ (ci+1)(c
−1
i+1a
−1
i ) = a
−1
i .
For the morphism ai+2,
ai+2
β˜i
7−→ ai+2
β˜i+1
7−−−→ ci+1ai+2
β˜i
7−→ bici+1ai+2,
ai+2
β˜i+1
7−−−→ ci+1ai+2
β˜i
7−→ bici+1ai+2
β˜i+1
7−−−→ (biai+1)(a
−1
i+1)(ci+1ai+2) = bici+1ai+2.
Thus we have β˜iβ˜i+1β˜i = β˜i+1β˜iβ˜i+1.
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On the other hand, we can also prove that the braid relation is satisfied with
respect to the fundamental group of the surface. Note that each element in the
mapping class group Γg,b is completed determined by the action on the fundamental
group of the surface. Let x and y be loops in X with base points on the boundary
given by:
xi = (c0 · · · ci−1)bia
−1
i (c0 · · · ci−1)
−1, yi = (c0 · · · ci−1)aic
−1
i (c0 · · · ci−1)
−1
Note that {xi, yi | 1 ≤ i ≤ k − 1} is a generator set of π1(X) which is a free group.
xi
yi
Figure 19. xi and yi.
On the fundamental group, we have
β˜i :


xi−1 7→ xi−1 · yi−1 · yi · y
−1
i−1 if i ≥ 2,
yi−1 7→ yi−1 · y
−1
i · x
−1
i if i ≥ 2,
xi 7→ xi · yi,
yi 7→ x
−1
i ,
xi+1 7→ xi · yi · xi+1 · x
−1
i if i ≤ k − 2,
yi+1 7→ xi · yi+1 · y
−1
i · x
−2
i if i ≤ k − 2,
xi+j 7→ x
2
i · yi · xi+j · y
−1
i · x
−2
i if j ≥ 2 and i+ j ≤ k − 1,
xi+j 7→ x
2
i · yi · yi+j · y
−1
i · x
−2
i if j ≥ 2 and i+ j ≤ k − 1,
From this result (action on the fundamental group) and some calculations, by hands
or some computer program, we can again confirm that the braid relations for β˜i’s
are satisfied.
4.2. β˜i in terms of full Dehn twists
Let X = Sg,b be the branched covering space over a disk. Let xi, yi be the
loops on X given as above. Let zi = (c0 · · · ci−1)cib
−1
i (c0 · · · ci−1)
−1 = (xiyi)
−1 for
1 ≤ i ≤ k−1. The Dehn onX along the loops xi, yi, zi are denoted byDxi , Dyi , Dzi,
16 BYUNG CHUN KIM AND YONGJIN SONG
respectively. The actions of these Dehn twists on the groupoid G˜ are as follows:
Dxi :


pi 7→ pi+1,
pi+1 7→ pi,
ai−1 7→ ai−1ai
bi−1 7→ bi−1ai
ci−1 7→ ci−1bi
ai 7→ b
−1
i
bi 7→ a
−1
i
ci 7→ a
−1
i cia
−1
i
ai+1 7→ aiai+1
bi+1 7→ aibi+1
ci+1 7→ bici+1
Dyi :


pi 7→ pi+1,
pi+1 7→ pi,
ai−1 7→ ai−1ai
bi−1 7→ bi−1ci
ci−1 7→ ci−1ai
ai 7→ c
−1
i
bi 7→ a
−1
i bia
−1
i
ci 7→ a
−1
i
ai+1 7→ aiai+1
bi+1 7→ cibi+1
ci+1 7→ aici+1
Dzi :


pi 7→ pi+1,
pi+1 7→ pi,
ai−1 7→ ai−1bi
bi−1 7→ bi−1ci
ci−1 7→ ci−1ci
ai 7→ c
−1
i aic
−1
i
bi 7→ c
−1
i
ci 7→ b
−1
i
ai+1 7→ biai+1
bi+1 7→ cibi+1
ci+1 7→ cici+1
The actions on π1X are as follows:
Dxi :


yi−1 7→ yi−1 · x
−1
i if i ≥ 2,
yi 7→ yi · x
−1
i ,
xi+1 7→ xi · xi+1 · x
−1
i if i ≤ k − 2,
yi+1 7→ xi · yi+1 · y
−1
i · x
−1
i · yi · x
−1
i if i ≤ k − 2
xi+j 7→ xi · y
−1
i · xi · yi · xi+j · y
−1
i · x
−1
i · yi · x
−1
i if j ≥ 2 and i+ j ≤ k − 1
yi+j 7→ xi · y
−1
i · xi · yi · yi+j · y
−1
i · x
−1
i · yi · x
−1
i if j ≥ 2 and i+ j ≤ k − 1
Dyi :


xi−1 7→ xi−1 · yi−1 · y
−1
i · y
−1
i−1 if i ≥ 2,
xi 7→ xi · y
−1
i ,
xi+1 7→ xi+1 · y
−1
i if i ≤ k − 2,
yi+j 7→ yi · yi+1 · y
−1
i if j ≥ 1 and i + j ≤ k − 1
xi+j 7→ yi · xi+j · y
−1
i if j ≥ 2 and i + j ≤ k − 1
Dzi :


xi−1 7→ xi−1 · yi−1 · y
−1
i · x
−1
i · y
−1
i−1 if i ≥ 2,
yi−1 7→ yi−1 · xi · yi if i ≥ 2,
xi 7→ y
−1
i ,
yi 7→ yi · xi · yi,
xi+1 7→ y
−1
i · x
−1
i · xi+1 if i ≤ k − 2,
yi+1 7→ yi+1 · xi · yi if i ≤ k − 2,
xi+j 7→ y
−1
i · x
−1
i · xi+j · xi · yi if j ≥ 2 and i+ j ≤ k − 1
yi+j 7→ y
−1
i · x
−1
i · yi+j · xi · yi if j ≥ 2 and i+ j ≤ k − 1
From the result of calculations (by hands or some computer program), we can
show that β˜i equals the product of the inverse of two Dehn twists.
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Theorem 4.1. β˜i is equal to D
−1
zi ·D
−1
yi as an element of Γg,b .
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